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Abstract
The tendency in the implementation of the sequential circuits
is to specify the behavior of a circuit in the term of a finite
automaton. Then to use a tool to transcribe this description in
a specification language that will produce a simulation of the
circuit before its implementation. This approach deprives the
designer of the powerful mathematical tools developed in
language theory, allowing significant reductions in complexity
in term of the number of states and transitions. The present
contribution proposes an approach making it possible to
deduce from a sequential circuit specification the associated
minimum automaton, the implementation of which allows a
substantial reduction in the complexity of said circuit.
Algorithms in this sense are proposed to decompile a
sequential circuit, to construct the disjunctive canonical form
of its transition function by using the canonical monomials
composed of the states and input variables, and to deduce a
minimal finite automaton. The implementation of this
minimal finite automaton will give a less complex circuit as
foreseen in the theory of languages.

Keywords: regular languages, finite-state automaton,
sequential circuit simplification, transition function.

1. INTRODUCTION
Reducing logic circuits complexity is a well-known
problem, for which, various simplification algorithms
exist [2] [20] [21] [22] [27]. With regard to the sequential
circuits, they are implementation of finite-state automata
[1] [4] [16] [17] [18]. We know that any finite-state
automaton admits a unique minimal finite-state automaton
[5] [20] [21] [27] [28] [29], whose implementation leads
to a reduced sequential circuit. Unfortunately, the world of
language theory of which the finite-state automaton
concerns, and that of computer architecture of which raise
the sequential circuits, use the same mathematical objects
(finite-state machines), and are often unaware of; so much
that the others do not benefit from the powerful tools
developed by the ones, in particular as regards
simplification of the finite-state machines.
A good approach for the computers architects, to inherit
the powerful tools developed by the theorists of languages
would be first, to begin the design of a sequential circuit

Volume 6, Issue 1, January – February 2017

with the specification of the finite-state automaton of
which it will be the implementation; and second to apply
the reduction algorithms in order to obtain the related
single minimal automaton [21] [24]. Unfortunately, it is
not the use, owing to the fact that the logic circuit builders
are unaware of languages theory algorithms. This is why,
in the present contribution, we propose an approach which
allows, starting from the specification of a sequential
circuit, to obtain the associated minimal automaton;
provided that this minimal automaton is unique for each
sequential circuit. The pursued goal is that, instead of
learning the languages theory algorithms, the computers
architects apply our procedure to calculate the minimal
automaton, whose implementation will contribute to
reducing significantly the complexity of the initial
sequential circuit.
This paper is organized as follow. In the second part, we
point out some fundamental relating to finite-state
automata and sequential circuits. In the third part, we
detail the problem above stated. In the fourth part, we
decline our solution which consists in deducing a finitestate machine from the sequential circuit. From this finitestate automaton, the unique minimal automaton associated
with this sequential circuit will be calculated. In the firth
part, we present an application example; and finally, in
the conclusion, we outline the limits and the prospects for
this work.

2. DEFINITIONS
The definitions given in this section are those usually
found in the abundant literature on finite state machines
[4] [7] [13] [20] [22] [29] and sequential circuits [3] [4]
[14] [17] [18] [19] [22].
2.1 Definitions related to finite state automata
A vocabulary or alphabet is a nonempty finite set of
atomic symbols. For example, the ten Indian digits and the
Greek or Roman alphabets are vocabularies, unlike
Roman numerals that do not represent an alphabet. A
string or word over a vocabulary V is any combination
(sequence) of vocabulary symbols; i.e. a finite length
sequence of symbols from V . If V is a vocabulary,
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V * denotes the infinite set of all the words build from the
concatenation (juxtaposition) of elements of V , including
empty string denoted  . We call formal language (or
simply language, if there is no confusion), every part of

V*.
Formal languages, generated by grammars and recognized
by automata, exist in several types and are classified
according to the generation technique (Noam Chomsky's
classification [7]) or the recognition technique. In this
paper, we are only interested in regular languages, which
are generated by regular grammars and recognized by
finite-state automata (or finite-state machines).
Formally, a finite-state automaton is a 5-tuple:
A  VT , Q, q0 , F ,   , such that:


VT denotes the final vocabulary; i.e. the vocabulary
used to write the words recognized by the finite-state
machine. We call final symbol, any element of VT ;

 Q denotes the set of states; i.e. a vocabulary such that:

VT  Q   ;
 q0  Q denotes the initial state; that is the state in
which the automaton is set to start the recognition of a
new word;
 F  Q denotes the set of final states, provided that a
final state (or accepting state) is a state in which the
automaton ends the recognition of any word of the
related regular language;
 : Q  VT  Q is the transition function; i.e. a
mapping of a set of states and a set of final symbols onto
the original set of states. It is a mathematical model of the
automaton behavior, specifying which state the machine
will go to after the recognition of an input final symbol.
The interpretation of  (q, a)  q ' is that automaton A in
state q with a as input final symbol will go in state q '
after processing input atomic data a . The function 
admits an extension denoted: ˆ : Q  VT*  Q , such
that:

 ˆ (q, ax)  ˆ  (q, a), x 
(q, a, x)  Q VT VT* , 
ˆ(q,  )  q
Behavior of an automaton: The automaton A switches
from a state to another, as it recognizes each input final
symbol from the input stream of the word to be
recognized.
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2.2 Definitions related to sequential circuits
We call Boolean or binary variable, any numeric variable
in the set: B  {0,1} . The set B is associated with two
binary logic operators: AND (also called conjunction) and
OR (also called disjunction) and one unary operator: NOT
(called complement), noted respectively:  ,  , . These
three logic operators allow expressing all the other logic
operators. AND and OR operators are implemented with
AND and OR gates respectively and NOT is implemented
with an inverter or NOT gate.
We call logic function, a function on logic variables,
associated by logic operators and possibly of other logic
functions. A logic equation is an equation of logic
functions and binary variables. Logic functions can be
implemented
with
electronic
circuits,
called
combinatorial circuits.
We call monomial, the conjunction of possibly
individually complemented logic variables. A canonical
monomial is a monomial comprising the totality of the
logic variables used in a given logic function. For
example, if

x, y, z

x yz, xy z are

are Boolean variables, then

four

monomials;

xy, yz,

among

which

x yz, xy z are two canonical monomials. When a function
is expressed as a disjunction of canonical monomials, it is
said to be in disjunctive canonical form, or quite simply
in the canonical or normal form, if there is no ambiguity.
Notice that each logic function admits a unique canonical
form.
The value computed by a logic function must be stored in
an elementary memory called latch or flip-flop, which can
store only one binary digit (i.e. bit). There are several
types of latches: D, RS, JK, T and so on. A latch can be
synchronized with a clock intended to allow the latch to
change its state. The content of a latch is available
through its output q (often referred to as Q in the
literature). A combinatorial circuit, provided with a
memory is called sequential circuit. In a sequential
circuit, the memory output can be used as an input of the
same circuit. Both combinatorial and sequential circuits
are called logic circuits.
A sequential circuit is formally defined as a quintuplet
C  Z , I , Y ,  ,   such that:



Z denotes the set of states encoded in a set of latches;
I refers to the set of input boolean variables; it can be



regarded as a register containing the input value;
Y denotes a set of circuit output values;
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 is the transition function which determines circuit
behavior; i.e. a combinatorial function which
determines the circuit next state from the input
variables and the latches output values. The transition
function can incorporate a component called inputfunction, devoted to filtering input values;
  denotes the output function which uses the inputs
variables and the latches outputs to determine the
output value of the sequential circuit.


3 PROBLEM PRESENTATION
It is established that any sequential circuit is the
implementation of a finite state automaton [1] [3] [4] [11]
[14] [17] [18] [19] [22] and that all the equivalent finitestate automata admit one and only one minimal finitestate automaton [4] [5] [6] [7] [13] [20] [22] [29]. This
automaton is minimal in term of possible states and
transitions [12] [13]. This implies that any sequential
circuit admits a unique minimal finite-state automaton.
Finite state machines can be represented graphically for
an efficient visualization or design. Then, the
visualization can be converted in a simulator using
hardware description languages. So, the designer requires
a tool to convert the visualized design to hardware
description language code in order to simulate and
implement it. Procedures to covert state diagrams to
hardware description language code are addressed by
many references [1] [3] [8] [30] [9] [10] [19] [23] [25]
[26] [30].
Most circuit conception platforms represent finite state
machines graphically for efficient visualization and
design; this visualization in then converted in a simulator
using hardware description languages, using appropriate
tools. The procedure is addressed by many existing tools
[15] [23] [26] [30].
Despite implementing a sequential circuit from its finitestate automaton, it is better to substitute this one by the
associated minimal finite-state automaton; because the
latter offers a minimal number of states and transitions,
and the language theory guarantees that it is equivalent to
the automaton of departure [12] [13], since they recognize
both the same regular language. From then on, the
sequential circuit can be implemented from the minimal
automaton, with a minimal complexity.
But, given a sequential circuit, how can we compute its
related minimal finite-state automaton? Ideally to do so,
prior to conceive a sequential circuit, one must initially
design the associated finite-state machine, then calculates
its related minimal automaton, and finally implements
this last as a sequential circuit using a well-known
procedures [1] [3] [4] [8] [9] [10] [17] [18] [19] [22].
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Unfortunately, this practice is not use, because the world
of the finite-state machines (theory of the languages) and
that of sequential circuits (computers architecture) cohabit
while being unaware of.
Since sequential circuit designers are unwilling to use the
languages theory powerful tools in order to simplify their
finite-state machines, therefore pending sequential
circuits, a solution would be to let them design their
sequential circuits, then to provide them with a method to
calculate the associated minimal automaton. The interest
of this approach is obvious: the reduction of sequential
circuit complexity, by exploiting the simplification
potential offered by the minimal finite-state automata.
However, there is no procedure to calculate the minimal
finite-state automaton associated with a sequential circuit;
so it is the aim of this contribution to provide such a
procedure. Once a sequential circuit designed or specified,
our method consists in disassembling this circuit in order
to deduce an associated finite-state machine, then to
calculate the single minimal automaton associated with
this circuits.

4 MINIMAL FINITE

AUTOMATON ASSOCIATED
WITH A SEQUENTIAL CIRCUIT

Let C  Z , I , Y ,  ,   denote a sequential circuit. We
need to deduce from C , a related finite-state automaton

AC  VT , Q, q0 , F ,   , from which we can calculate
the single minimal finite-state automaton AC [ ]
associated with C . Reconstituting the minimal finite-state
machine AC [ ] from the sequential circuit C amounts
previously
to
deduce
from
the
quintuplet  Z , I , Y ,  ,  
a
finite
automaton
,
AC  VT , Q, q0 , F ,   implemented as C. Once the

AC is available, the next step will
consist in applying to AC the adequate algorithm in
finite-state automaton

order to calculate its unique minimal automaton, which is
to be the minimal automaton AC [ ] of the sequential
circuit C . It is the purpose of this section to show how
AC and AC [ ] can be computed, provided C .
First, we propose an algorithm to disassemble a
combinatorial circuit, in order to rebuild its unique
disjunctive canonical function. Second, using this
algorithm, we propose another algorithm to calculate a
finite-state automaton associated with a sequential circuit.
Third, we propose a version of the minimal automaton
algorithm adapted to the case of sequential circuit.
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4.1 Algorithm to disassemble a combinatorial
circuit

 from ES ;
2. If v  VS is a logic variable not present in
1. Remove

k

Let

S   i , be the equation of a combinatorial circuit,



 v and  v
Duplicates are removed from ES .

i 1

where k is the number of logic functions

 i whose sum

gives the output of the combinatorial circuit.

ES consists now in a

ES {1, 2 ,..., k ''}

k ''

 S  i
i1


S   i .
i 1

/  is not a monomial) do:

 from ES ;
2. Transform  using

to ES .

set of k '' canonical monomials such that:

k

While (   ES

then add

At the end of procedure 2, the set

Procedure 1: Calculation of the disjunctive form of a
combinatorial function
Let ES  {1 ,  2 ,...,  k } be the set of functions
such that:
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1. Remove

AND, OR and NOT
n

operators, such that:

   i

,

where

i 1

 i is a function or a monomial, and n is
the number of  i ;
3. Insert each  i in ES . Naturally, duplicates
are removed from ES .
The transformations suggested in step 2 can be made
using the same rules as those of logical equation
simplification, in particular Morgan's laws [4] [14] [17]
[24]. Procedure 1 ends, because any function can be
decomposed using only AND, OR and NOT operators. At
the end of procedure 1, the set ES consists of k '
monomials

 i such that:

and S a logic function such that:

S  A  (B  C)  C
Our aim is to find the canonical form of S using the
above procedures 1 and 2. With procedure 1, we recognize
that C , the last term of S , is already a monomial. So, at
the thirst step of procedure 1 we have:

ES  {A  ( B  C ), C} . The following are the next
steps

of procedure

1

to transform

the function

A  ( B  C ) in a disjunction of monomials:
ES  { A  ( B  C ), C}  { AB  C ), C}
 { A( BC  BC ), C}

 ES  {1 ,  2 ,..., k ' }

k'

S

i



i 1





  
  A  BC  BC  , C
  ABC  ABC , C   ABC , ABC , C
 { A( B  C B  C ), C}

consists in normalizing S using the following procedure
2.
Procedure 2: Calculation of the normal disjunctive form
of a combinatorial function
Let VS  {v1 , v2 ,..., v j } be the set of j Boolean
variables constituting



 { A( BC ( BC ), C}  { A( B  C B  C ), C}

(1)

Let us note that the equality (1) was obtained by replacing
every function  i by its disjunctive form. The next step

While (   ES

Illustrative example: Let A, B, C be 3 Boolean variables

ES monomials.

/  is not a canonical monomial)

Three monomials were obtained: ( ABC , ABC , C ), two
of which are canonical ( ABC , ABC ). It thus remains to
transform the monomial C into a set of canonical
monomials. To do so, we apply procedure 2, introducing
successively the variables A and B :

C  AC  AC  ABC  ABC  ABC  ABC

do
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So,

we

add

the

four

monomials

( ABC , ABC , ABC , ABC ) to ES :





 ES  ABC , ABC , ABC , ABC , ABC

We can now deduce the canonical form of S :

ISSN 2278-6856

sequential circuit is reduced to the outputs of the flip-flops
encoding the sequential circuit states; because, as well as
the input function, the output function is not taken into
account in reducing a sequential circuit transition
function.

S  ABC  ABC  ABC  ABC  ABC .
4.2 Finite-state automaton associated with a sequential
circuit
We are interested in sequential circuits with states coded
in a set of latches. This excludes from our field, in
particular
token
machines.
Let
C  Z , I , Y ,  ,   denotes a sequential circuit.
Calculating
the
finite-state
machine
AC  VT , Q, q0 , F ,   implemented as C , amounts
determining a finite-state automaton using the
quintuplet  Z , I , Y ,  ,   . To do so, we will proceed in
5 steps, namely:
(1) Disassembling the transition function  in order to
obtain its constituting set of canonical monomials
E ;
(2) Determining final vocabulary

VT and the set of

Figure 1: Sequential circuit components
In fact, the transition function
functions:

 is a vector of n Boolean

 
 
 
 
 (Q, I )  1 (Q, I ),  2 (Q, I ),...,  n (Q, I )



;


Such that  i is the transition function of latch i , Q is the

output vector of the n latches, and I is the input vector
(see fig. 2).

automaton states Q ;
(3) Determining the initial state

q0 ;

(4) Determining the set of final states F ;
(5) Calculating the finite-state machine
function  .

transition

These five steps are described below.
4.2.1Disassembling a transition function
Let us recall that the sequential circuit transition function
is a combinatorial circuit which determines the successor
of the current state, according to the value of entry
variables and the aforesaid current state. Switching from
the current state to its successor is called transition. It is
supposed that the sequential circuit states are coded using
n latches. In such a circuit C  Z , I , Y ,  ,   , the

 is in fact, a vector of boolean
functions :   1 ,  2 ,...,  n  , such that each  i is the
transition function

transition function of latch

Li , whose output is noted qi .

 i operates on a couple of vectors

 
(Q , I ) such that (see fig. 1): Q  (q1 , q2 ,..., qn ) is the
vector of the output of the n latches encoding each

sequential circuit state; and I  (i1 , i2 ,..., im ) is the vector
of m circuit input variables. In the following, we suppose

Each boolean function

Figure 2: Structure of the transition
The circuit transition function
the following procedure:

 is disassembled using


 
1. For every latch Li , calculate Si   i Q, I and

Procedure 3: Disassemble the transition function

 

E Si applying the previous procedures 1 and 2, in
order to disassemble the transition function

 i and

to build its canonical monomials merging all the





variables of Q and I . For each latch Li , we get:

that   Q , which means that the output function of the
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 E  M , M ,...M
1
2
ki
 Si
and


ki
 
 Si   i (Q, I )   M j

j 1
Where each M j is a canonical monomial and k i is the
 
number of these canonical monomials in  i Q, I





 

disjunctive canonical form.
2. Rewrite each canonical monomial using the
commutativity of the AND operator, so that the input
variables are left and the outputs of flip-flops right.
3. The transition function
monomials set



and its canonical

n

E

E

ESi


S

i 1

and




 (Q, I )  S   S1 , S2 ,..., Sn 


prefixes; that is, the vectors of the input variables, and
S E , the set of suffixes of the canonical monomials ( the


vectors of the outputs of the flip-flops). In fact, in each
canonical monomial M  vq , the vector of the input
variables is nothing but a possible input value, that is,
the code of an input data; Similarly, the vector of the
outputs of the flip-flops is nothing but a possible state
value, that is, the code of a state. Therefore:



PE  vI / qQvq
, E PE VT
 





SE  qQ/ vI,vqE SE Q







We have thus determined

VT the terminal vocabulary and

4.2.3 Determination of initial state
The initial state

q0

q0 of a sequential circuit is the state

taken by that circuit when it is turned on. This state is
encoded by the initial content of each latch Li ; knowing

4.2.2Determination of the terminal vocabulary

VT and

the set of states Q
In the section 4.2.1 above, we have calculated the set of
canonical monomials E  ES and the normal form of
the transition function   S . Each canonical monomial
is actually made up of two parts, namely, a conjunction of
all the entry variables possibly complemented (prefix), and
a conjunction of all latches output possibly complemented
too (suffix). Which means:

 
M  E , (v, q)  I  Q / M  vq ;
Where v is a canonical monomial of the input-variables
and q is a canonical monomial of latches output. The
proof of this property is established by the fact that every
canonical monomial of the transition function is built with
all the sequential circuit input variables and latches
outputs, possibly complemented individually.

VT and Q .

Procedure 4: Calculate terminal vocabulary

denote the set of the canonical monomial

Q the set of states of the finite automaton associated with
our sequential circuit.

E are given by:

Let’s now show how to compute

Let PE

ISSN 2278-6856

VT and the

set of states Q
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that for all n flip-flops, the initial value is set by the
latches SET (put in 1) or RESET (put in 0) inputs.
Procedure 5: Determine the initial state q0
The initial state

q0 is coded in the n flip-flops

according to the preset of SET or RESET entries:

 Set ( Li )  bi  1
q0  b1b2 ...bn / 
 Reset ( Li )  bi  0
In this notation,
latch Li ”

is

Set ( Li ) stands for “entry SET of

connected

to

1,

as

well

as

Reset ( Li ) means that “entry RESET of latch Li ”
is connected to 0. Note that: q0  Q is a canonical
monomial, because the initial state of a sequential
circuit is always counted among the states.
Therefore, it is always associated with at least one
initial input data (value) in order to determine the
successor of initial state. At least one canonical
monomial v0 q0 resulting from this association is
thus found in

E where v0  PE . Therefore:
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 v0 q0  E

 v0  PE  q0  Q .

q0  S E
4.2.4 Determination of the final state set F
In principle in sequential circuits, each state eventually
produces an output value, because these circuits are
seldom used to implement sequences or word recognition
automats. In this case we can consider that: F  Q .
However, a sequential circuit can be associated with a
special output function  , proceeding with input
variables and the output of the flip-flops. This necessitates
disassembling  to obtain E a set of canonical
monomials from which to deduce

F:


F  q  Q / v  I , vq  E





In the following, without losing the generality, we assume
that F  Q .

ISSN 2278-6856

q ' in which the circuit switches when it is in the state

q and it receives the input data a .
Yet we know, according to procedure 3, that if a canonical
monomial aq  E belongs to E Si (the canonical

Li ), then monomial aq sets latch
Li to 1; elsewhere is sets Li to 0. Gathering the values set

monomial set of a latch
by

aq on

each latch, we obtain a vector of bits which

corresponds to the code of the state q ' successor of state
q with input data a . That is:

 (q, a )  q '   (q, a )  q '.
In fact, q ' corresponds to the right part of the truth table
for the line of the monomial aq . The following algorithm
formalizes that process.
Procedure 6: Determine the initial state



Vector q ;

 ;

// Empty set

 aq  E  do:
For-all (i  1  n ) do:
For-all

4.2.5 Determination of transition function 
In this section, we focus on  , the fifth element of the
finite-state automaton quintuplet :
AC  VT , Q, q0 , F ,   , associated with the sequential
circuit C  Z , I , Y ,  ,   .
We have to calculate  from  the sequential circuit
transition function; that is, we must determine the set of
triplets: (a, q, q ')  VT  Q  Q /  (q, a)  q '; which
means:  ( q, a)  q '. In other words, if the circuit is in
the state q and it receives as input the data a , then it
switches into the state q ' .
At this step, we assume that, using above procedure 3, 
the sequential circuit transition function has been already
decomposed in set of canonical monomials E . We know
that each of these monomials consists in the conjunction
of an element of VT (let us denote it a ) and an element of

Q (let us denote it q ). Every canonical monomial
 
aq  I  Q (c.f. procedure 4) imposes on the circuit a
new transition, that is to say a new state q ' . We thus
have for each canonical monomial two elements ( a and
q ) of the triplet (a, q, q ') . We must now determine the
third element: q ' . To do so, we must determine the state

Volume 6, Issue 1, January – February 2017

If

 aq  E 
Si


Then q[i ]  1;

Else q[i ]  0;

Insert ( a , q , q ) in  .
4.2.6 Minimal finite automaton associated with a
sequential circuit
At this level, we assume that the finite automaton obtained
in the preceding step is deterministic. If this is not the
case, it is appropriate to apply known algorithms to make
it deterministic [11] [20] [21] [22].
The algorithm for computing a minimal finite automaton
associated with a deterministic finite automaton is well
known in the literature [5] [6] [20] [21] [27] [28] [29]. We
have adapted this algorithm to the specific case of a
sequential circuit. But let us first present some theoretical
rudiments.
1. Let

A  VT , Q, q0 , F ,   be a determinist finite-

state automaton. We call family of the words
recognized from state q  Q , the set Lq such that:

Lq   x  VT* / ˆ ( q, x )  F  .
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In fact, this is the set of words recognized by the
automaton: Aq  VT , Q, q, F ,  , q  Q.
2. Let

(q, q ')  X 2 / a VT ,  (q, a)   (q ', a) 
q  X //remove q from X

 q  X ' //insert q into X'

(q, q ')  Q 2 , ( q)  q '  Lq  Lq ' .



4. If k is the term at which the sequence (2) is

is an equivalence relation on Q , whose

equivalence classes are denoted by Q[ ] . For any

X ' in

3. Repeat (2) until the sequence is stationed at a term k
such that : Qk 1  Qk .
stationary then

The relation

Insert

Qi 1 .

A  VT , Q, q0 , F ,   be a determinist finite-

state automaton. We call equivalence or congruence
of Nerode [13] [20], the relation  defined by:

ISSN 2278-6856

Qk is the Nerode partition, of which

Q[ ] is the quotient set [13] [20].
 To build Q[ ] from

Qk , we keep one state q[ ] from

state q  Q , we denote [ q ] , the equivalence class of

each equivalence class [ q ] and suppress all the

q for the relation  . We denote q  q '[ ]
q is equivalent to q ' modulo .

others states of [ q ] . This state is the quotient of

to signify that

that

The equivalence of Nerode makes it possible in fact to
determine groups (classes) of states, as in each group, the
automata Aq associated with the states q  Q recognize

Lq . In other words, two states are

the same language

equivalent, if the sequences recognized from one are the
same as those recognized from the other. That is to say,
formally:
2

(q, q ')  Q , q  q '[ ] 

class.

This

is

calculated from sequential circuit

C  Z , I , Y ,  ,   using the above procedures 3 to 6.
The

minimal

finite-state

automaton

AC [ ]  VT , Q[ ] , q0[ ] , F[ ] , [ ]  , associated with

C , is processed as follows:
 Q[ ] denoting the quotient set of the equivalence
classes of the relation  on Q , is calculated as
follows:

Q1  F , Q  F  ; // Even if we assume that
F  Q.
2. Qi 1  Qi ;
For-all ( X  Qi 1 ) do // X is a set.
X '  ;
1.



F[ ] is the set of quotient of the final state classes:

F[ ]  q[ ]  F / q[ ]  [ q ]  .
 The transition function

[ ] is constructed by

removing all the states and transitions from 
except
quotient
of
classes,
as

( q, q ' , a )  Q 2  VT , [ ] (q[ ] , a)  q[' ]
  (q , x )  q ' .

Comments: The calculation of the automaton is carried
out in two steps. The first one consists in building the
classes of equivalence Qk , where k is the term at which
the sequence 3-4 is stationary, and then in deducing
Q[ ] . To do so:
 We start

Q1 with two classes: F and M Q  F .

Note that often M Q  F in sequential circuits, in
which case: M Q  F   .

Qi 1 , we proceed in a refinement of each
of the equivalence classes of Qi : if two states of the
same class in Qi have different transitions with the

 To obtain

same terminal symbol, then they will be in two
distinct classes in Qi 1 ; this leads to a break-up of
the class to which the two elements belonged.
 When this sequence is stationary (which is always the
case because the number of states is finite), we
obtain a partition of Q which is in fact a partition
of Nerode whose quotient is Q[ ] .

Volume 6, Issue 1, January – February 2017

:

 q0[ ] is the quotient the of class of q0 .

follows:

state automaton

say

Q[ ]  q[ ]  Q / q[ ]  [ q ]  .

x VT* , ˆ (q, x)  ˆ (q ', x).
Procedure 7: Determine the minimal finite automaton
associated with a sequential circuit
Let AC  VT , Q, q0 , F ,   denote a determinist finite-

to
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The second step consists in constructing the minimal
automaton by exploiting Q[ ] ; to do so, all the states

1  g1  g1  Q1Q2  IQ1Q2
 IQ1Q2  IQ1Q2  IQ1Q2Q3  IQ1Q2Q3

belonging to the same equivalence class are grouped into
a single state. The minimal automaton is thus obtained,
which is unique for the associated sequential circuit. This
uniqueness is established by the fact that the minimal
automaton does not depend on the finite automaton from
which it was calculated, but from the associated regular
language.

= IQ1Q2Q3  IQ1Q2Q3  IQ1Q2Q3 
IQ1Q2Q3  IQ1Q2Q3  IQ1Q2Q3
 E1  {IQ1Q2Q3 , IQ1Q2Q3 , IQ1Q2Q3 ,
IQ1Q2Q3 , IQ1Q2Q3 , IQ1Q2Q3 }

 2  Q1Q2Q3  IQ1Q2 Q3  IQ1Q2Q3
 E 2   IQ1Q2 Q3 , IQ1Q2Q3 

5. APPLICATION EXAMPLE

 3  g 3  g 4  Q1Q2  g 5 g 6

Let C  Z , I , Y ,  ,   be the sequential circuit in
figure 3, whose states are coded by three latches L1, L2,
L3 having respective outputs Q1 , Q2 , Q3 . We will apply

 Q1Q2  IQ1 (Q2  Q3 )
 Q1Q2  IQ1Q2  IQ1Q3

the previous algorithms (procedures 3 to 7) to compute the
minimal finite automaton AC [ ] associated with this
circuit. Provided: AC [ ]  VT , QQ [ ] , q0[ ] , F[ ] , [ ] 


 I  I
Note that we have:  
Q   Q1 , Q2 , Q3 
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 IQ1Q2  IQ1Q2  IQ1Q2  IQ1Q3
We can now deduce the set of canonical monomials
E and the canonical transition function:

E  E1  E 2  E3
 {IQ1Q2Q3 , IQ1Q2Q3 , IQ1Q2Q3 , IQ1Q2Q3 ,
IQ1Q2Q3 , IQ1Q2Q3 , IQ1Q2Q3 , IQ1Q2Q3 ,
IQ1Q2Q3 , IQ1Q2Q3 , IQ1Q2Q3 , IQ1Q2Q3}
 IQ1Q2Q3  IQ1Q2Q3  IQ1Q2Q3  IQ1Q2Q3
 IQ1Q2Q3  IQ1Q2Q3  IQ1Q2Q3
 E 3  {IQ1Q2Q3 , IQ1Q2Q3 , IQ1Q2Q3 , IQ1Q2Q3 ,
IQ1Q2Q3 , IQ1Q2Q3 , IQ1Q2Q3}
And

  1 ,  3 ,  3  .

2. Calculation

of

a

AC  VT , Q, q0 , F ,  

finite-state
automaton
associated with C :

E and  , we have to deduce the
quintuple  VT , Q, q0 , F ,   :
 Determining the terminal vocabulary VT and the set
of states Q . To this end, we apply the procedure 4.
We decompose the elements of E into couples


( IQ ) , such as I is a vector of the input variables,
From above

Figure 3: An example of sequential circuit
1. Disassembling  the sequential circuit transition
function:
Let us calculate 1 ,  2 ,  3 the canonical transition



and Q a vector of the latches output:

functions of latches L1, L2, L3 respectively:

Volume 6, Issue 1, January – February 2017
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VT  I , I 

 Q  {Q1Q2Q3 , Q1Q2Q3 , Q1Q2Q3 ,

Q1Q2Q3 , Q1Q2 Q3 }

For sake of simplicity, we rename Q elements:

Q  q1 , q2 , q3 , q4 , q5

ISSN 2278-6856

AC   I , I T , q1 , q2 , q3 , q4 , q5  , q1 ,

q1 , q2 , q3 , q4 , q5  ,  
with



given by the above table.

3. Minimal finite-state automaton AC [ ] associated with

C using procedure 7:

 Determining the initial state

q0 with procedure 5.

According to figure 3, the initial configuration of the
3 latches is (RESET, RESET, SET); which gives
vector (001) which is the code of state Q1Q2Q3 ,

 Determining the partition of Nerode: let’s calculate
the sequence (Q ) .

Q1  {q1 , q2 , q3 , q4 , q5 }
Q2  {q1},{q2 , q3 , q4 , q5 }

q1 . Definitely, q1 is the initial state of
our finite-state automaton AC .
renamed as

 Determining the set of final states F . Since we have
no precision on the nature of the automaton, we
abstract the set of final states: F  Q.
 Calculation of the finite-state automaton transition
function  applying procedure 6:

Q3  {q1},{q2 , q3},{q4 , q5 }
Q4  {q1},{q2 , q3 },{q4 , q5 }
The sequence (Q ) is stationary at step 3, so:

Qk  Q3 .

 Determining Q[ ] the state set of AC [ ] : the quotient
set of

Q3 is q1 , q2 , q4  . Therefore:

Q[ ]  q1 , q2 , q4 
 Determining q0[ ] the initial state of AC [ ] :

q1 the

initial state of AC is a singleton in its class, so:
Table 1: Transition function

q0[ ]  q1 .

I

I

Q1Q2Q3

Q1Q2Q3

Q1Q2Q3

Q1Q2Q3

Q1Q2Q3

Q1Q2Q3

Q1Q2Q3

Q1Q2Q3

Q1Q2Q3

Q1Q2Q3

Q1Q2Q3

Q1Q2Q3

Q1Q2Q3

Q1Q2Q3

Q1Q2Q3

Q \ VT

 Determining F[ ] the set state of final states of

AC [ ] : since F  Q according to our assumption,
then

F[ ]  Q[ ]  q1 , q2 , q4  .

 Determining [ ] the transition function of AC [ ] :
To obtain [ ] W, we reduce



by replacing

q3 by q 2 and q5 by q 4 ; which give
the following [ ] transition table:
respectively

Table 2: Renamed state transition function
Table 3: Reduced transition function

Q \ VT

I

q1

I
q2

q3

Q[ ] \ VT

I

I

q2

q4

q5

q1

q2

q2

q3

q4

q5

q2

q4

q4

q4

q1

q5

q4

q1

q4

q5

q1

q5

 Finally:

 

AC [ ]  I , I , q1 , q2 , q4  , q1 , q1 , q2 , q4  , [ ] 
Ultimately,
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Q’
Q
L
Q

Q

L’
Q’

Q’

I

[3]

[4]
[5]

Figure 4: Minimal circuit
We thus notice the reduction of the number of states from
5 to 3 states, and then transitions from 10 to 6 transitions.
A sequential circuit implementing this minimal
automaton is given in figure 4, with 2 latches (despite of 3
in the original circuit), and the number of basic gates
(AND, OR) was reduced from 9 to 4.

[6]

6. CONCLUSION
We have presented a technique for computing the minimal
finite automaton associated with a sequential circuit whose
states are coded by a set of flip-flops. The advantage of
this contribution is to enable the designers of the
sequential circuits to take advantage of the powerful tools
developed by the language theorists, with a view of
simplifying the complexity of the circuits. However, there
are two shortcomings. The first is that it does not cover
the case of token machines, widely used for the
implementation of sequencers; it requires adaptation for
this purpose. The second is that often each state of a
sequential circuit generates a set of information useful to
other circuits such as control commands, data, or
synchronization signals. The suppression of the states and
the transitions induced by the computation of the minimal
finite automaton will lead to the loss of the information
generated by the said states and transitions. Solutions are
being studied to solve these two problems in order to
complete the present contribution.

[7]
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